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Molecular dynamics ensemble, equation of state, and ergodicity

William W. Wood, Jeromel. ErpenbeckGeorgeA. Baker,Jr.,andJ. D. Johnson
Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545
(Receivedl5 June2000

The variantof the NVE ensembleknown as the moleculardynamicsensemblevas recently redefinedby
RayandZhang[Phys.Rev.E 59, 4781(1999 ] to includethe specificatiorof a time invariantG (a function of
phaseand, explicitly, the time) in addition to the total linear momentumM. We reformulatethis ensemble
slightly asthe NVEMR ensemblein which R/N is the center-of-masgposition,and considerthe equationof
stateof the hard-spheresystemin this ensemblehroughboth the virial function andthe Boltzmannentropy.
We testthe quasiergodidypothesisy a comparisorof old moleculardynamicsand Monte Carlo resultsfor
the compressibilityfactor of the 12-particle hard-disksystemsThevirial approachwhich hadpreviouslybeen
found to supportthe hypothesisn the NVEM ensembleremainsunchangedn the NVEMR ensembleThe
entropyS approachdependson whetherS is definedthroughthe phaseintegral over the energysphereor the
energyshell, the parameter being0 or 1, respectively.The ergodichypothesiss found to be supportedor

6=0 but not for #=1.
DOI: 10.1103/PhysReVE.63.0111XX

Ray andZhang[1] havenotedthatin anequilibrium mo-
lecular dynamics(MD) calculationfor a systemof N par-
ticlesin avolumeV with periodicboundaryconditionswith-
out external forces, not only are the Hamiltonian H(x™)
=K (p")+ U(rN) andthe total linear momentum=N ,p; in-
variantunderthe evolutionin thetime t of the system put so
alsois the function

N N
G(x”<t>;t>=t§l pi(t)—mi; (D). (1)

They thereforecontendthat the term “molecular dynamics
ensemble”shouldrefer to an NVEMG ensemblgi.e., an en-
semblein which N, V, the energyE, the linear momentum
M, and G are specified, ratherthanto the NVEM ensemble.
[We considerhereonly a one-componentlassicalsystemof
N particles,eachhavingmasam; r; andp; denotethe position
and the momentum, respectively, of particle i. K(p")
=3 p?/2m denotesthe kinetic energyand U(rN) the poten-
tial energy;xN=(rN,p") denoteshe phase]

Our purposehereis, first, to stateour agreementvith their
contention,providedthatther; of Eq. (1) aredefinedasthe
“infinite checkerboard’'12,3] positions.[Otherwise,if r;(t)
were understoodo be the position of particlei in the simu-
lation cell, thenit is stepwisediscontinuousat the times at
which the particleleavesthe simulationcell throughoneface
andreenterghroughthe oppositeface,so that G is not con-
stant] Furthermore we chooseto formulate the molecular
dynamicsensemblesomewhatifferently so asto avoid the
appearancef the time in the partition function.

If we areto speakof the moleculardynamicsensemble
for small finite systemswe implicitly conjecturethe exis-

tenceof a quasiergodidheoremstatingthat the phase-space

trajectory over a sufficiently long period of time spends
equalincrementsof time in almostall equalelementsof the
phasespaceof the ensembleso that the dynamicaltime
averageof any phasefunction shouldequalthe correspond-
ing ensembleaverageThusthe ensemblghasespaceshould
reflectthe constancyof all thetime invariantsof the dynami-
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cal systemithe Hamiltonianthroughthe energyparametek,
the total linear momentumz; p; throughthe momentumpa-
rameterM, andthe Ray-ZhangG throughits initial or en-
semblevalue (divided by —m), namelythe center-of-mass
parameteR. We write, therefore the partition function,

ZNVEMR:if deA[E—H(xN)]
Cn

X0

M—Zpi)a(R—Z ri), 2

where

f dxN= fvder dp, 3

for E positive,M?<2E/m, andR/N lying within the system
volume. This contrastswith the Ray-Zhangpartition func-
tion, ®(E,V,N,M,G), which in our notation becomesthe
similar

1
Z!’VVEMGZEJ deA[E—H(xN)]5<M— 2 Pi)
N

xé(G—tZ p+mY, ri). (4)

[ 6(x) istheDirac 6 function;if x is avector,it is the product
of the ¢ functionsof its componentsA(x) is the unit step
function definedin Eqg. (28) below. Cy and Cy; are dimen-
sional constantsthat we omit in the following discussion.
The appearancef the step function correspondgo our 6

=0 in Eqg. (24) below. But the two expressionare readily
seento be equivalentf andonly if oneinterpretsthe particle
positionsin the rightmostfactor to be the positionsr;(t;x")

at time t on the trajectory initiated at xN. If insteadone
interpretsthe positionsto be thosespecifiedby N, the vari-

able of integration,andt to be an arbitrary parameterthen
for fixed M andG therightmosté functionvanisheghrough-
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out configuration space for those t for which —(G
—tM)/mN lies outsidethe systemvolume and agreeswith
Eqg. (2) for valuesof t for which R/N=—(G—tM)/mN lies
in the systemvolume.We believethenEg. (2) to be prefer-
able. We regrethaving previously overlookedthe fact that
the constancyof the total linear momentumunder periodic
boundaryconditionsimplies the time invarianceof G.
Secondly,we wish to reconsidetthe relationthat we pre-
viously gave[2—4] betweernthe moleculardynamicsandthe
NVT ensembleequationsof state for hard-spheresystems
when the moleculardynamicsresultsare assumedo be re-
latedby a quasiergodi¢heoremto the “molecular dynamics
ensemble”averagdpreviouslythe NVEM, now the NVEMR
ensemblg In [2], andlesssatisfactorilyin [3] [in which we

startedfrom the usualvirial theoremde=2(E—W), and
replacedK with the kinetic energyin the center-of-massef-

erenceframe by an ad hoc argumen}, we derived (for a
generalvalue of M) the usual“virial” expression

dpypV=2(E-W) (5)

for the moleculardynamicspressurepy,p by consideringthe
averagenomentuntransferacrossa surfaceelementmoving
with the velocity of the centerof mass,vo=M/Nm. [We
alsonotedthat“virial equation”is somethingof a misnomer
for Eqg. (5), andshowedthata systematiconsideratiorof the
checkerboardirial function leadsto a rathernovel expres-

sionfor the equationof state] E=E—M?2/2Nm is thekinetic
energyin the center-of-masseferenceframe,and

e(t)

W=—lim 2= > a;(y)-Ap;(7). )
b0 a4t ;=1
The sumis overall collisions y=1,2, . . . ,e(t) occurringin

the time t, with oj;(y) being the line of centersvector
r(y) =ri(y) —r;(y) betweenthe colliding particlesi andj

on collision vy, and with Ap;;(y)=Ap;(y)—Ap;(y) being
the relative momentumchangeon that collision. Equations
(5) and(6) providethe meansby which the hard-sphergres-
sureis obtainedin a typical MD calculation.(It canalsobe
obtainedfrom the calculatedcollision rate) In reportingmo-

lecular dynamicsresultsfor a systemof hard disks, Alder

andWainwright[5], HooverandAlder [6], andwe [4] chose
to reportthe dimensionlessompressibilityfactor

pPmoV _ dpypV 1 V_V
NkTyp 2F E

()

taking
Tup=2E/dNk. 8)

(Note thatany otherchoicefor Ty,p would give a compress-
ibility factor that would not approachthe ideal gasvalue as
W—0.)

To relate(pypV/NKTyp) to (pyytV/NKT) as estimated,
e.g.,by anNVT ensemblévionte Carlo (MC) calculation,we
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noted that the NVT ensemblecompressibility factor for a
general differentiablepotentialenergyis

PnvTV 1_<W(rN)>NVT )
NKT NdkT/2
in which
1 N
W(rN)=—2 2 Fi(r™)-r, (10
i=1
is the usualvirial function, with
au(eN
Fi(r”>=—( ( )) (11
i i

beingthe force exertedon particlei by the otherN—1 par-

ticles. We postulateda quasiergodictheoremequating W

with (W(rN))nvewm » ignoringthefactthat W doesnot appear
to exist for hard spheresWe correctthis by writing F; as

dp; /dt andspecializingto hardspheresandperiodicbound-
ary conditions, recognizingthat the time averageof W is

given by W of Eq. (6). We postulate then, a quasiergodic
theorem equating W with the hard-sphere limit of

(W(rN))nvem for a soft interaction,say, the g— of the

(o/r)% pair potential. We showed,for a generalpotential,
that

(W(rNy) - “dEefE | dmz
NVT ZNVT 0 NVEM

XAW(rN) Y pvem - (12

Assertingthat the hard-spherdimits of the ensembleaver-

agesexistandreplacing{W(r N))yvem by W, we obtainfor
hard spheresas previously[2],

(W) nvem (W™ N

£ (N-Ddkt/z N—1M(NVN),
(13
in which
_ Noowylo)
h(N/V.N)=— & — r—8(.NIV.N)
_ (N-1)o
__T<5("12_0')>m/ (14)

is afunctiononly of the numberdensityN/V andN, with the
dependencen the systemsize N expectedto vanishin the
thermodynamiclimit. g(o,N/V,N) is the angle-averaged
[7] pair distribution function at contact and wg(o)
=2792497 YT (d/2) is the surfaceareaof thed-dimensional
hyperspher®f radiuso. Finally, we usedEgs.(7), (9), and
(13) to obtain(aspreviouslyfoundby HooverandAlder [6])
the relation
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pVv N ([ pV
Py R R TV (19

MD NVT
betweerthe “molecular dynamicsequationof state” andthe
NVT ensemblesquationof statefor hard spheres.

We showbelow for a generaldifferentiablepotentialthat

(WM nvemr= (W)Y nvewm » (16)

leading again to Eq. (15 when W is equated to
(W(r™))nvemr for soft spheresin the hard-sphereimit.
Hoover and Alder [6] usedEq. (15) to comparethe Alder
and Wainwright [5] MD resultswith our [8] old NVT en-
sembleMonte Carloresults bothfor a systemof N=12 hard
disks. It is advantageouto carry out sucha comparisonon
assmall a systemaspossible sincethe ensemblalifferences
are expectedo vanishin the large systemlimit. The agree-
mentwas found to be reasonablygood, consideringthe sta-
tistical errorsin the two calculations,and cannow be taken
to supportthe validity of a hard-spherequasiergodiadheo-
rem equating the time-averagedvirial to the hard-sphere
limit of its NVEMR ensembleaverage.

Thirdly, we wish to mentionsomepeculiaritiesassociated
with the variousmicrocanonicaknsembleswhenthe Boltz-
mannrelationbetweerthe entropyandthe partition function
is usedto obtainotherthermodynamidunctions,suchasthe
pressureand the temperatureFor a general,differentiable
potential energywe have, following Pearsoret al. [9] and
omitting throughoutmultiplicative factorsthat dependonly
on N, m, andthe dimensionalityd, the partition functions

Zavr=ZnT@nvT (17)
Znr= f dpNe K" = (2mmkT)NI2, (18)
Qnvr= f drNe AU, (19
Zuvel )= [ A LE-HEM) (20
= f drN (PN N2 AL ()], (21)
zNVEM(m:f dx”Aa[E—H(xN)]ﬁ(M—E pi),

(22

- j drNie(r) - DAVZ A (N,
(23
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Znvevr(0)= f dxN A [E—H(xN)]

X 6

M- pi)a R-2 ri),

1
:vZNVEM(e)-

[To obtain Eq. (25) from Eq. (24), transformfrom the rN

=(rq, .., Py) variables to new variables N
=(gsl1, ..., n_1) With To=r, (the position of the center
of mas$ and?i=ri—r0, i=1,... N—1. Thisbeingalinear
transformation the Jacobianis a constant.U(rN) depends
only onther;, i=1,... N—1. Consequentlythe ry inte-
grationof 5(R—Nrg) collapseso the factor N9, which we
omit. Restorethe integration over ry, and compensatedy
introducinga factorV 1. Finally, transformbackto r N, can-
celing the previousJacobianandrecognizethe resultingin-
tegralasZyyem -1 6 takeson only the values0 and 1, with

Ag(x)=A(x), (26)

Ay(x)=0d(x), (27)

reflectingthe lack of consensug¢see,e.g.Pearsonet al. [9],

andreferencegherein; Zyye(0) is their Q, and Zyye(1) is
their w) regardingthe proper definition of Zyye (and, by
extension,of our other microcanonicalpartition functions.

As usual, 8= 1/kT, with k being the Boltzmann constant.
A(x) isthe stepfunction

0 if x<0,
AX=11 it x=0. (28
In Egs.(21) and(23),
k(PN =E—U(r") (29)
and
k(PN)=E—M22mN—U(rN) (30

are the kinetic energiesas functionsin configurationspace;
their appearancas argumentsn the unit stepfunctionsex-
presseghe microcanonicalconstraintof fixed total energy.
[In writing Egs. (20)—(25), we have omitted for §=1 the
thicknessAE of the energy shell to which the systemis
supposedo be confined;it should properly be includedon
dimensionalgrounds,and we thus haveignoredany depen-
denceof it on the energyandnumberdensityof the system]

In the NVT ensemblethe thermodynamicfunctions are
obtainedfrom the Helmholtz free energy

Anvt=—KkTInZyyr (32)

through

dAyNyT= —SnyTdT—ppyrdV, (32
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giving
IANVT
NVT = a | (33
IANvT
Panv=—| oy )NT- (34

For the microcanonicalensembles,we have instead the
Boltzmannrelation

SNVE...(0)=kanNVE.__(0), (35)
and from the combinedfirst and secondaw relation
dE=Tyye...(60)dSyve...(6) —Pnve...(60)dV, (36)
we have
ISyve...(0)) 71
Tave.. (O)=|——=—]| (37
JE 4
..(0 ISnve... (0
Pnve...( ): nve. .. (6) . 39
Tave...(0) oV NE

We compute then the temperatureand compressibility
factorfor eachof the ensemble$or the generalifferentiable
potentialof Eq. (11). For the canonicalensemblethe tem-
peratureis a parameterand the compressibilityfactor, Eq.
(9), follows from Egs.(31) and(34). For the microcanonical
ensembleswe obtaintemperaturegjiven by

1
kTnve(0)= W<K(rN)>N\/Ev (39
1 1\ 7!
KTnve(l)= Na2—1 m NVE, (40)
1 “
KTnvew(0) :m<’<(r M) nvEm » (41)
L\t
kT 1)= ~ , (42
NVEM( (N_l)d/2_1<K(rN)>NVEM
Tnvemr(0) =Tyvem(6), (43

in which we follow our previousprocedureaswell asthatof
Ray and Zhang, and that of Pearsoret al., in defining en-
sembleaveragesndependenof the valueof # usedin com-
puting the entropy, Syve...(6). In particular,the ensemble
average®f a phasefunction B(xN) are

f dx"B(xN) pyve. .. (x)

(B(xM)nve... = . (49

f dxNepyve. .. (xN)
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with (unnormalized distribution functions

> p!
dnve(xM) =08\ E- ———-Uu() [,

2m (45)

dnvem(XN) = dpve(xN) 8 (46)

M-2, Pi),

dnvemr(X™) = dnvem(x™) 5( R- ri) . (47)

For a function B(r"), suchasU(rN) itself, dependingonly
on relative coordinatesyve have

drNB(Y'N) K(FN)(Nd/Z)flA[ K(Y‘N)]

<B(rN)>NVE:

’

f dr” K(rN)(NdIZ)flA[K(rN)]
(48)

f dPNB(PN) IA((PN){[(N_ 1)d]/2}—1A[ ;((FN)]

’

(B(r"))nvem=
f drN;\((rN){[(N—l)d]/Z} —1A[ I}(PN)]

(49

(B(r"))nvemr=(B(FY))nvem - (50

We observe from the microcanonicaltemperaturesEgs.
(39—(43), thatthe §=0 equationsexpressthe equipartition
of energy.However, for §=1 equipartitionis violated, at
leastin the large-volumejdeal-gadlimit.

The microcanonicalcompressibilityfactors follow from
Eq. (38) [in thesecondbf theequalitiesn Egs.(51) and(53),
we havespecializedo the caseof hard sphere$

Pnve(0)V p _<W(rN)>NVE= _<W(rN)>NVE
NKTnve(0) (ke (FN))nve E ’
(51)
pwe(H)V  N-2d w(rN) (52
NKTnve(1) N\ k™ e

Pnvem(OV - N-1 (W(r™))nvem

NKTnvem(0) N k(M) nvem
. N-1 (W) nvem
=1- N 2 , (53
Pavem(DV . N-1-2/ W(rN) 54
NKTnvem(1) N k(rV) Ne) '

Pnvemr(0)V _ Prnvem(0)V 1 59
NKTnvemr(8) NKTyvem(0) N°

We note that the NVEMR ensemblecompressibilityfactor
doesnot approachdeal-gasbehaviorfor eithervalue of 6.
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For hard spheresand periodic boundaryconditions,the
configurationalintegralin Eq. (19) becomes

Qnvr=Zny= fu(rN)odrN:j e[ A —0), (56

(i)
with Zyy beingindependenbf the temperatureThe product
is overthe N(N—1)/2 distinct pairs of particleindices,and
ri*]- denotegthe minimum image separatiorof the pair (ij).
From Egs. (29) and (30) we seethat x(r") and (") are
positiveonly in the regionin which U(rN) vanishessoEgs.
(17), (21), (23), and(25) become

Znyr= (2makT)NVZZy,,, (57
Zyve(9)=ENYZ 07, (58
Zyvew(0)=EN-Dd2=07, (59
1

Zyvemr(0) = \_/ZNVEM( ). (60)

The microcanonicatemperaturebecome
KTnve(0)= Nd2—o° (61)
KTnvem(6) = (N=D)di2— ¢’ (62
Tnvemr(6) =Tnvem(6). (63

whetherdirectly from Egs.(35) and (37) or the generalEgs.
(39)-(43).

For the microcanonicalcompressibilityfactors,the §=1
Egs.(52) and(54) cannotbeimmediatelyspecializedo hard
sphereslnstead,we computedirectly from Egs. (31), (34),
(35), (38), and (57)—(60) to obtain

PtV _ Pnve(O)V pavem(0)V _V(&ln Zny

NKT ~ NkTpnve(6) NKTyvem(6) NV oV )
(64)
Pnvemr(O)V _V tﬂnsz) 1 65
NKkTnvemr(6) N\ oV | N’
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in which the rightmost expressionsare independentof 6.
Indeedi,it is well known (see,e.g.,[3]) that

V(dlnZyy
N\ oV

—1—h(N/V,N),
N

(66)

with h(N/V,N) givenby Eq. (14). [From Egs.(9), (53), and
(64), notethat we againobtain Eq. (13).]

If we hypothesizehat pyp=pnvemr(0), thenfrom Egs.
(64) and (65) we have

PvpV _ PvpV Tmp _ PtV i
NKTnvemr(0)  NKTyp Tynvemr(0)  NKT - N°
(67)
FromEgs. (8), (62), and (63) we find
T N-1
M . (69)

Tnvemr(0) N

Use of this in Eq. (67) gives Eqg. (15), which, as already
mentioned,agreeswith the N=12 hard-diskMC and MD
results.[Equivalently, we can changethe definition of the
MD temperature to the equipartition value 'T'MD
=Tnvemr(0)=NTyp/(N—1), in which caseour hypoth-
esistakesthe particularly simple form

PmpV _ Pnvemr(0)V _ Pnvemr(1)V
NkTyp  NKTnvemr(0)  NKTnvemr(1)

This againleadsto Eq. (15).]

On the other hand, if we hypothesize that pyp
=pnvemr(1), then Egs. (64) and (65), togetherwith Egs.
(8) and (42), leadto

PnvtV  pmpV N-—-2 +£

NkT  NkTyp N N’

which disagreegjuite stronglywith the MC andMD results.
Thus thoseresultstend to supportthe =0 (step-function
definition of the NVEMR entropyand temperatureThe ref-
erencesn Pearsoret al. [9] containa morethoroughdiscus-

sion of the argumentdor and againsteachdefinition thanis
possiblehere.
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